The double-slit experiment is the most direct demonstration of interference between individual quantum objects. Since similar experiments with more slits produce interference fringes reducible to a combination of double-slit patterns it is usually argued that quantum interference occurs between pairs of trajectories, compactly denoted as second-order interference. Here we show that quantum mechanics in fact allows for interference of arbitrarily high order. This occurs naturally when one considers multiple quantum objects interacting in the presence of a nonlinearity. We make this clear by treating a generalised M-slit interferometer using second-quantisation. We then present explicit experimentally-relevant examples both with photons interacting in nonlinear media and an interfering Bose-Einstein condensate with particle-particle interactions. These examples are all perfectly described by quantum theory, and yet exhibit higher-order interference.
Quantum states are represented by density matrices, whose elements can be estimated in interference experiments involving a superposition of only two suitable states at a time. Already at this abstract level one expects that any interference pattern should be fundamentally reducible to two-state interference. Indeed, it was shown theoretically, within the framework of generalised measure theories, that interference fringes observed in multi-slit experiments are simple combinations of patterns observed in double-slit and single-slit experiments [1] . Quantum mechanics has hence been termed a "second-order interference theory". It is possible, however, to devise a family of post-quantum theories based on higher-order interference [1] . Motivated by this, experiments based on photons [2] [3] [4] , nuclear magnetic resonance [5] , spins in diamond NV centers [6] and large molecules [7] have placed bounds on higher-order interference, verifying, within experimental error, that in these setups higher-order interference is absent. A potentially more precise atomic analogue has also been proposed [8] .
Intriguingly, a closer inspection of multi-slit experiments shows that a small third-order interference term can be measured [9] [10] [11] [12] . The origin of this term lies in how the superposition principle is applied, and rests on different boundary conditions in multi-slit and singleslit setups. In particular, the wave function when only a single-slit is open can be different from the singleslit wave function when multiple slits are open due to so-called "looped trajectories". The existence of such non-zero third-order interference has even been recently experimentally confirmed [13, 14] . However, the small third-order interference term in these experiments is not due to "post-quantum higher-order interference", but rather comes from additional looped paths in the experimental measurements [12] .
Here we show a completely different origin of higherorder interference within quantum physics. It leads to strong observable deviations from second-order interference also when the issues due to boundary conditions are negligible. Our higher-order interference arises from nonlinear coupling between indistinguishable particles. We emphasise that it is also not genuine postquantum higher-order interference, but rather an artifact of multi-particle interactions. Our results demonstrate that genuine higher-order interference should rely on single-particle states, and stress the need for highquality single-particle sources in experiments searching for such deviations from quantum theory.
The paper is organised as follows. We will first show that all single-particle states give rise to only secondorder interference. We will then introduce a means to quantify the order of interference in the framework of second quantization, and then show that all linear processes are limited to second-order interference. Finally, we will provide explicit examples of nonlinear processes with multi-particle input states that produce interference of arbitrary order. The required nonlinearity can be caused by different physical mechanisms, and we show examples of higher-order interference based on optical nonlinearity, nonlinear detector response, and particleparticle interaction in a Bose-Einstein condensate modeled by the Gross-Pitaevskii equation. 
THE ORDER OF INTERFERENCE
Consider first an experiment with only two paths, see Fig. 1 . Each path can either be open (0) or blocked (1), so that the configuration in Fig. 1 is represented by sequence 01. Interference is said to occur if the mean number of particles (the intensity) measured with both paths open, I 00 , is different from the sum of the intensities for individual paths blocked, I 01 + I 10 . It is hence natural to quantify two-path interference by I 2 ≡ I 00 −I 01 −I 10 +I 11 , where we have introduced I 11 = 0 for symmetry reasons. A similar argument applied to a scenario with M paths leads to the definition of M -path interference when the following quantity is non-zero [1] :
Sorkin showed that when I M = 0 for some M , then all the quantities I M with higher M also vanish [1] . The highest index M for which a theory predicts non-zero I M is then called the order of interference of that theory.
Classical particle experiments do not give rise to any form of interference; i.e. classically, one already has I 2 = 0. In the quantum case, consider first N particles sent one-by-one into the setup in Fig. 1 . Each particle is in state ρ spanned by kets |u and |d , describing propagation along upper and lower path respectively. The intensity I 00 is given by N p 00 , where p 00 is the probability that the particle is in the upper path after the unitary, i.e. I 00 = N u|U ρU † |u . Similarly I 01 = N ρ uu u|U |u u|U † |u and I 10 = N ρ dd u|U |d d|U † |u , where e.g. ρ uu = u|ρ|u . One finds that the secondorder interference, I 2 , vanishes for all (classical) states that exhibit no coherence, ρ ud = 0, independent of the choice of the unitary U .
On the other hand, particles in quantum states can undergo second-order interference. The maximum secondorder interference is I 2 = N/2, which is achieved for the input state (|u + |d )/ √ 2 and the unitary describing a 50-50 beam-splitter, as expected. Applying the same calculation applied to three-path experiment (with an arbi-trary unitary acting on all three paths) shows that I 3 = 0 for all input states and all unitaries. This leads to the usual statement that quantum theory is a second-order interference theory. However, we will now show that multiple quantum systems interacting nonlinearly can lead to non-zero I M for arbitrary M .
INTERFERENCE OF INDISTINGUISHABLE PARTICLES
We will first show that all linear processes give rise to only second-order interference, i.e. I 3 = 0, independently of the input multipartite state. A linear process is described by U = e iH , where H is linear in the ladder operators: H = 3 nm=1 h nm a † n a m [15] . We consider a beam of indistinguishable particles in any state ρ loaded into a setup with M paths; later we will specify M = 3. The particle number does not have to be well defined, e.g. the input could be a series of coherent states of photons in the various input modes. With each path we associate local Fock space H m spanned by Fock states |n m describing n excitations (photons) in the mth path (mode). The entire Hilbert space of this system is therefore a tensor product H 1 ⊗ · · · ⊗ H M and we need to specify how blocking paths is represented in this formalism. The Methods section shows that the operation of blocking the mth path, Π m , has the following intuitive effect: Π m (ρ) = |0 m 0| ⊗ Tr m (ρ), i.e. it produces vacuum in the blocked path and decorrelates it from all the other paths (here Tr m (ρ) stands for the partial trace over the Fock space H m , meaning that the states in the other paths are unaffected by the blocker). With this notation the state after the blockers is given by
where we set Π 0 m to the identity operator. Recall x i represents whether the blocker in mode i is present or not. By placing the final detector along the first path, the intensities can be computed from
where a † 1 a 1 is the number operator in H 1 . Since the same measurement is conducted for all the combinations of blocked paths, we introduce an "interference operator" via the relation I M = Tr(U † a † 1 a 1 UÎ M ), see Methods for its explicit form and properties. Any linear process satisfies U † a † 1 U = m u m a † m and accordingly
where in the last equation we used the fact that the interference operator vanishes under the partial trace over any path, see Methods. Hence, we see that if either the interaction is linear or the input state is a single-particle state we have I 3 = 0.
In general, the same line of reasoning applies to nonlinear processes and higher-order interference terms. A process of order k, i.e. where the creation operator a † 1 is mapped to a polynomial m1,...,m k u m1...m k a † m1 . . . a † m k , gives rise to vanishing higher-order interference terms I M with M > 2k. Note that non-linearity is necessary for higher-order interference, but not sufficient. For example, a non-linear process mapping a † 1 to a sum of squared operators m u m a † m a † m still admits I 3 = 0, because in Eq. (4) each term in the sums couples only two paths and hence the partial trace argument gives vanishing I 3 . Thus, experimentally finding a non-zero I M indicates the presence of nonlinear multi-mode coupling in the underlying process (which could be completely unknown, i.e. a black box) and provides the minimal number of the coupled paths.
Nonlinear phase shift. Now we give an example of a nonlinear process from quantum optics (a two-mode nonlinear phase shifter, i.e. cross-phase modulation) whose concatenation gives rise to arbitrarily high order of interference. The exact setup is presented in Fig. 2 . The unitary describing this nonlinear process between modes j and k has the following effect:
where θ is the strength of non-linearity. It can range from 10 −18 for a bulk Kerr media, up to 10 −2 using electromagnetically-induced transparency, e.g. [16, 17] . For simplicity, we will assume that all the input coherent states have the same mean number of photons, n = |α| 2 , but potentially different phases. In this case, the setup in Fig. 2 produces the following value of higherorder interference (see Methods for details):
where ϕ 1 and ϕ 2 are the phases of the input light along the first two paths and δ is a fringe offset. The phases of the remaining inputs do not enter the interference formula. For example, to achieve I 3 ∼ 1 with natural Kerr nonlinearity of 10 −18 one requires a mean photon number of about 10 12 , which corresponds to µW power levels. At this stage we would like to comment on two recent experiments which may seem related. Refs. [18, 19] observed genuine three-photon interference as a generalisation of the famous Hong-Ou-Mandel dip [20] . The higher-order interference we describe here is distinct from the observed multi-photon interference.
Before presenting examples of other nonlinearities that produce higher-order interference, let us note that due to the specific combination of terms entering the higherorder interference expression, any noise that is independent of the input signal is irrelevant, e.g. detector dark counts. If the noise alone is characterised by probability d(n) to observe n photons and the ideal signal has probabilities p(n), the independence is encoded by the convolution r(n) = k p(k)d(n − k), where r(n) is the probability of observing n photons with the noisy detector. Such noise just shifts the intensity of arbitrary input state by the same amount ∆, see Methods. Therefore, the higher-order interference term in the presence of noise is given bỹ
This shows the robustness of estimating higher-order interference in a real laboratory setting.
Interacting Bose gas. Nonlinearity in other physical systems can also lead to higher-order interference. For example, consider a Bose-Einstein condensate initialised in an even superposition of three Gaussian wave functions. We compute its one-dimensional dynamics according to the nonlinear Gross-Pitaevskii equation
where N is the number of atoms, each of mass m, and a is the scattering length. The initial wave function is normalised to unity. The system is evolved for a time τ after which we record the distribution of particles in one dimension. Blocking the paths is modeled by removing the corresponding part of the initial superposition (and keeping the state unnormalised). Fig. 3 shows the results for I 3 confirming the experimental feasibility of observing third-order interference. The same conclusion is expected to hold in other physical systems with dynamics modeled by the Gross-Pitaevskii equation, e.g. polaritons [23] .
Detection nonlinearity. Our last example is a photodetector with a nonlinear response. The main features of a real detector are: an essentially linear response in the low intensity regime and saturation, which may set in for high input intensities. To illustrate our point, we are only interested in the saturation domain where the measured intensity I r is modeled as I r = I i − I 2 i , where I i is the output of an ideal detector and is the strength of nonlinear saturation. For single-photon detectors is given by the detector dead time; this can be seen by expanding equation (A1) of [24] . With such detectors, even linear interactions can give rise to non-zero higher order interference; this has been discussed from an experimental perspective in Refs. [4, 24] . We now provide a simple theoretical example in which a non-zero I 3 appears in a setup with three paths combined on a symmetric tritter (a generalisation of a beam splitter to three paths). In particular the unitary describing the tritter has matrix elements given by U ij = 1 √ d ω ij , where ω = e i2π/3 . After the tritter we monitor the first output port with the nonlinear detector. Accordingly, the tritter unitary gives
) and the detector is represented by a † 1 a 1 − (a † 1 a 1 ) 2 . With this at hand one finds a third-order interference term of I 3 = −4 |α| 4 , where we have also assumed that all three input modes are injected with the same coherent states |α . Taking a dead time of 50 ns (which is a typical value for commercially available single-photon detectors), this leads to |α| 2 ≈ 2000 for I 3 = 1, which can be understood as the number of photons per detector deadtime. This is equivalent to ≈ 10 10 photons per second or about 10 nW.
CONCLUSIONS
We have theoretically demonstrated the emergence of higher-order interference within the standard formalism of second quantisation. Its origin is traced to nonlinearity in multipartite processes. However, if either the interaction is linear or the input state is a single-particle state then I 3 = 0. Moreover, the non-vanishing I 3 should be observable with present day technology such as with nonlinear optics or Bose-Einstein condensates. Our work shows that if one wishes to place limits on quantum theory, nonlinearities elsewhere in the system must be considered, and single-particle states should be used in the experiments.
Finally, it is worth stressing the difference between our higher-order interference and that arising from looped trajectories [9] [10] [11] [12] [13] [14] . Looped trajectories arise as a consequence of real-world multi-slit experiments being multimode devices. In fact, it has been pointed out that if one replaces the traditional triple-slit experiment with single-mode beams interfering on a tritter (or some other unitary structure) the higher-order interference due to looped trajectories becomes negligible [4] . This is exactly the case in our proposal, which deals with M ideal single modes which do not have such exotic trajectories. Hence, the high-order interference that we predict cannot be understood as a systematic experimental error but is fundamental to multipartite nonlinear quantum systems. Nevertheless, both our nonlinear examples and the looped trajectories illustrate that different implicit assumptions are made in the claim that quantum mechanics is a second-order interference theory, and have direct consequences for experiments searching for higherorder interference.
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METHODS

Path blocker in second quantisation
We prove that Π 1 (ρ) = |0 1 0| ⊗ ρ 2...M , where ρ 2...M is the reduced state on all the other paths. First of all, clearly Π 1 (ρ 1 ) = |0 1 0|, i.e. any state injected to the blocked path results in the vacuum on that path. Arbitrary state ρ can be decomposed as ρ = j,k c jk ρ (j) 1 ⊗ ρ (k) 2...M , where the coefficients are not necessarily nonnegative, but all the summed matrices are proper quantum states. Since Π 1 is a linear operation, we have Π 1 (ρ) = |0 1 0| ⊗ ρ 2...M as claimed.
